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SHARP ASYMPTOTIC ESTIMATES FOR A CLASS OF
LITTLEWOOD-PALEY OPERATORS
ODYSSEAS BAKAS
Abstract. It is well-known that Littlewood-Paley operators formed with re-
spect to lacunary sets of finite order are bounded on LppRq for all 1 ă p ă 8.
In this note it is shown that
}SIE2
}LppRqÑLppRq „ pp ´ 1q
´2 ppÑ 1`q,
where SIE2
denotes the classical Littlewood-Paley operator formed with re-
spect to the second order lacunary set E2 “ t˘p2k ´ 2lq : k, l P Z with k ą lu.
1. Introduction
If I is a collection of mutually disjoint intervals in the real line, then the corre-
sponding Littlewood-Paley operator SI is given by
SIpfq :“
´ ÿ
IPI
|PIpfq|
2
¯1{2
.
Here PI denotes the Fourier multiplier operator with symbol χI . It is well-known
that if we consider the collection IE1 :“ tr2
j, 2j`1qujPZ Y tr´2
j`1,´2jqujPZ, then
SIE1 is an L
p-bounded operator for all p P p1,8q and moreover, for each p P p1,8q
there exist positive constants AIE1 ,p and BIE1 ,p such that
(1.1) AIE1 ,p}f}LppRq ď }SIE1 pfq}LppRq ď BIE1 ,p}f}LppRq p1 ă p ă 8q.
See e.g. Chapter IV in [24]. In [5], L. Carleson proved that if we consider the
collection I0 “ trj ´ 1, jqujPN Y tr´j,´j ` 1qujPN, then SI0 is L
p-bounded for p P
r2,8q but is not bounded on LppRq when p P p1, 2q. A different proof of Carleson’s
result was given by A. Co´rdoba in [8]. In [21], J. L. Rubio de Francia extended the
aforementioned result by showing that for any collection I in R of mutually disjoint
intervals the corresponding Littlewood-Paley operator SI is bounded on L
ppRq for
all p P r2,8q. For alternative proofs and extensions of Rubio de Francia’s theorem
in the one-dimensional case, see J. Bourgain [2], P. Sjo¨lin [23], and S. V. Kislyakov
and D. V. Parilov [16]. To the best of our knowledge, the problem of characterising
all admissible collections I in R of mutually disjoint intervals such that SI is L
p-
bounded for all p P p1,8q seems to be still open; see the paper [11] of K. E. Hare
and I. Klemes for a relevant conjecture as well as for some related partial results
in the periodic setting. See also [12] and [13]. For more details on topics related to
Rubio de Francia’s theorem, see M. Lacey’s paper [17] and the references therein.
In 1939, J. Marcinkiewicz in his classical paper [20] showed that the periodic
Littlewood-Paley operator formed with respect to the second order lacunary set
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t˘p2k ` 2lq : k, l P N0 with k ą lu is bounded on L
ppTq for all p P p1,8q; see
[20, The´ore`me 8]. In 1981, in [22], P. Sjo¨gren and Sjo¨lin developed a systematic
method of successively constructing collections I of intervals in R such that the
corresponding Littlewood-Paley operator SI is bounded on L
ppRq for all p P p1,8q.
To be more specific, following [22], if E, E1 are two closed null sets in R, then E1
is said to be a successor of E whenever there exists a constant cE,E1 ą 0 such that
for every x, y P E1 with x ‰ y one has |x ´ y| ě cE,E1distpx,Eq. It was shown by
Sjo¨gren and Sjo¨lin that if a set E1 is a successor of a closed null set E and SIE
is Lp-bounded for some p P p1,8q, then SIE1 is also bounded on L
ppRq; see [22,
Theorem 1.2]. In particular, since the second order lacunary set E2 :“ t˘p2
k´2lq :
k, l P Z with k ą lu is a successor of the lacunary set E1 :“ t˘2
jujPZ and SIE1
satisfies (1.1), one deduces that for each p P p1,8q there exist positive constants
AIE2 ,p and BIE2 ,p such that
(1.2) AIE2 ,p}f}LppRq ď }SIE2 pfq}LppRq ď BIE2 ,p}f}LppRq p1 ă p ă 8q.
Here we adopt the following convention: if K is an infinite countable set in R that
can be written as K “ tanunPZ in R with an ă an`1 for all n P Z and moreover,
an Ñ ´8 as n Ñ ´8 and an Ñ `8 as n Ñ `8, then IK denotes the collection
tran, an`1q : n P Zu.
The main goal of this note is to determine the behaviour of the best constant
BIE2 ,p in (1.2) ‘near’ p “ 1 or, in other words, to establish sharp asymptotic
estimates for the Lp ´ Lp operator norm of SIE2 as p Ñ 1
`. Before stating our
results, let us mention that it follows from the work of Bourgain [4] that in the
lacunary case E1 “ t˘2
jujPZ the best constant BIE1 ,p in the classical Littlewood-
Paley inequality (1.1) behaves like pp´1q´3{2 as pÑ 1`, namely there exist absolute
constants c1, c2 ą 0 such that
(1.3)
c1
pp´ 1q3{2
ď }SIE1 }LppRqÑLppRq ď
c2
pp´ 1q3{2
p1 ă p ď 2q.
To be more precise, in [4], Bourgain established a periodic version of (1.3) and his
proof was obtained in [4] by using a classical inequality due to S.-Y. A. Chang, J. M.
Wilson, and T. H. Wolff on dyadic martingales [6] combined with explicit formulas
for translations of dyadic systems [3] and appropriate vector-valued inequalities.
An alternative proof of the upper estimate in (1.3) in the periodic setting was given
by the author in [1] by using the work of T. Tao and J. Wright on Marcinkiewicz
multiplier operators [26] and Tao’s converse extrapolation theorem [25]. Recently,
in [18], A. K. Lerner showed that
(1.4) }SIE1 }L2pwqÑL2pwq À rws
3{2
A2
for any A2 weight w on the real line; see [18, Theorem 1.1]. Moreover, as explained
in [18], by combining (1.4) with an extrapolation result due to J. Duoandikoetxea [9]
one obtains yet another proof of (1.3); see [18, Remark 4.2]. The main ingredients
in Lerner’s proof of (1.4) in [18] were an appropriate variant of the Chang-Wilson-
Wolff inequality [6] (see [18, Theorem 2.7]) as well as sharp weighted estimates for
multiplier operators of the form PITm with Tm being a multiplier operator whose
symbol m satisfies a Marcinkiewicz-type condition on I; see [18, Lemma 3.2]. For
sparse bounds for Rubio de Francia-type operators SI and for Marcinkiewicz-type
multiplier operators in the Walsh-Fourier setting, we refer the reader to the recent
papers [10] and [7], respectively.
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As mentioned above, this note focuses on the behaviour of the Lp´Lp operator
norm of SIE2 ‘near’ p “ 1
`. More specifically, our main result is the following
sharp asymptotic estimate as pÑ 1`.
Theorem 1. There exist absolute constants c1, c2 ą 0 such that
c1
pp´ 1q2
ď }SIE2 }LppRqÑLppRq ď
c2
pp´ 1q2
for all 1 ă p ď 2.
The lower estimate in Theorem 1 is obtained by adapting the corresponding
argument of Bourgain that establishes the lower estimate in [4, Theorem 1]. The
upper estimate in Theorem 1 is a consequence of the following result.
Theorem 2. There exists an absolute constant c0 ą 0 such that
}SIE2 }L2pwqÑL2pwq ď c0rws
2
A2
for all A2 weights w on the real line.
Notice that the lower estimate in Theorem 1 shows that the exponent r “ 2 in
rwsrA2 in Theorem 2 is best possible. At this point, we remark that by carefully
examining the proof of [22, Theorem 1.2] for the case of SIE2 (and by invoking
results of Tao and Wright on Marcinkiewicz multiplier operators [26]) one gets
}SIE2 }LppRqÑLppRq À pp´ 1q
´5{2 for p ‘close’ to 1`.
Theorem 2 is established by suitably modifying Lerner’s proof of (1.4) and the
‘scheme’ of its proof is roughly as follows: after reformulating the problem by using
duality, one employs Lerner’s variant of the Chang-Wilson-Wolff inequality [18,
Theorem 2.7]. Then, the idea is to perform suitable ‘frequency translations’ of the
Littlewood-Paley projections appearing in the definition of SIE2 so that one can
effectively use [18, Theorem 2.7] again. After doing so, one completes the proof by
using an appropriate modification of [18, Lemma 3.2]; see Lemma 3 below. The
details of the proof of Theorem 2 are presented in Section 2. In Section 3 we give
the proof of Theorem 1 and in Section 4 we make some further remarks related to
the present work and more specifically, we present periodic versions of Theorems 1
and 2 and extensions for certain lacunary sets of order N P N, N ě 2.
Notation. If α P C, then |α| stands for the modulus of the complex number α,
whereas if A Ď R is measurable, |A| denotes the Lebesgue measure of A.
Given two positive quantities A and B, if there exists an absolute constant c0 ą 0
such that A ď c0B, we shall write A À B or B Á A. If A À B and B À A, we
write A „ B.
As usual, the class of Schwartz functions on the real line is denoted by SpRq and
C8c pRq stands for the class of C
8-functions with compact support in R.
If g is an integrable function on the torus T :“ R{Z, then its Fourier coefficient at
n P Z is given by pgpnq :“ ş
T
gpθqe´i2πnθdθ. If f P SpRq, then its Fourier transform
is given by pfpξq :“ ş
R
fpxqe´i2πξxdx, ξ P R. If m P L8pRq, then Tm denotes
the multiplier operator with symbol m, namely {Tmpfqpξq “ mpξq pfpξq, ξ P R for
f P SpRq. If I Ď R, we write PI “ TχI .
If g is a locally integrable function on the real line and I Ă R is an interval, we
use the standard notation
xgyI :“ |I|
´1
ż
I
gpxqdx.
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A non-negative, locally integrable function w on R is said to be an A2 weight if,
and only if,
rwsA2 :“ sup
IĂR:
interval
xwyIxw
´1yI ă 8.
If f is a locally integrable function on R then its non-centred Hardy-Littlewood
maximal function Mpfq is given by
Mpfqpxq :“ sup
I interval:
xPI
|I|´1
ż
I
|fpyq|dy px P Rq.
The maximal Hilbert transform H˚pgq of g P SpRq is given by
H˚pgqpxq :“ sup
ǫą0
ˇˇˇˇ
ˇ
ż
|x´y|ąǫ
gpyq
x´ y
dy
ˇˇˇˇ
ˇ px P Rq.
2. Proof of Theorem 2
Arguing as in [18], it follows from duality that, to prove Theorem 2, it suffices
to show that there exists an absolute constant A0 ą 0 such that
(2.1)
››››› ÿ
kPZ
ÿ
lPZ:
lăk
PI`
k,l
pψk,lq
›››››
L2pσq
ď A0rσs
2
A2
›››››
˜ ÿ
kPZ
ÿ
lPZ:
lăk
|ψk,l|
2
¸1{2›››››
L2pσq
and
(2.2)
››››› ÿ
kPZ
ÿ
lPZ:
lăk
P
I
´
k,l
pψk,lq
›››››
L2pσq
ď A0rσs
2
A2
›››››
˜ ÿ
kPZ
ÿ
lPZ:
lăk
|ψk,l|
2
¸1{2›››››
L2pσq
for all A2 weights σ on R and for any collection of Schwartz functions tψk,lukąl,
where only finitely many of the functions ψk,l are non-zero. Here for k, l P Z with
k ą l, we use the notation I`k,l :“ r2
k´2l, 2k´2l´1q and I´k,l :“ r´2
k`2l´1,´2k`2lq.
By using [18, Theorem 2.7], one deduces that there exist dyadic lattices Ij ,
j P t1, 2, 3u, and a φ P C8c pRq with supppφq Ď r´2,´1{2s Y r1{2, 2s so that
(2.3)
››››› ÿ
kPZ
ÿ
lPZ:
lăk
PI`
k,l
pψk,lq
›››››
L2pσq
À rσs
1{2
A2
3ÿ
j“1
›››››Sφ,Ij
˜ÿ
kPZ
ÿ
lPZ:
lăk
PI`
k,l
pψk,lq
¸›››››
L2pσq
,
where
Sφ,Ijpgqpxq :“
˜ÿ
νPZ
ÿ
IPIj:
|I|“2´ν
´ 1
|I|
ż
I
| rPνpgqpx1q|2dx1¯χIpxq¸1{2
and rPν denotes the multiplier operator with symbol φp2´νξq, ξ P R. For the
definition of dyadic lattices and their basic properties, we refer the reader to [19].
Notice that
(2.4) Sφ,Ij
˜ÿ
kPZ
ÿ
lPZ:
lăk
P
I
`
k,l
pψk,lq
¸
pxq ď ΓIj,0pxq ` ΓIj,1pxq for j P t1, 2, 3u,
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where
ΓIj,rpxq :“
˜ÿ
νPZ
ÿ
IPIj:
|I|“2´ν
«
1
|I|
ż
I
ˇˇˇˇ
ˇ rPν
˜ ÿ
lăν`r
PI`
ν`r,l
pψν`r,lq
¸
pyq
ˇˇˇˇ
ˇ
2
dy
ff
χIpxq
¸1{2
,
r P t0, 1u. In view of (2.3), to prove (2.1) it suffices to show that
(2.5) }ΓIj,r}L2pσq À rσs
3{2
A2
›››››
˜ ÿ
kPZ
ÿ
lPZ:
lăk
|ψk,l|
2
¸1{2›››››
L2pσq
for j P t1, 2, 3u and r P t0, 1u.
Fix a j P t1, 2, 3u. We shall only focus on the proof of (2.5) for r “ 0, as the
other case is treated similarly. Observe that one can writeˇˇˇˇ
ˇ rPν
˜ÿ
lăν
PI`
ν,l
pψν,lq
¸ˇˇˇˇ
ˇ “
ˇˇˇˇ
ˇ ÿ
lăν
PI´
l
`
ρν,l
˘ˇˇˇˇˇ,
where I´l :“ r´2
l,´2l´1q, ρν,l :“ qθν ˚ rψν,l with θνpξq :“ φp2´νpξ ` 2νqq, ξ P R,
and rψν,lpxq :“ e´i2π2νxψν,lpxq, x P R. Hence, to prove (2.5) for r “ 0, it suffices to
show that
(2.6)
ÿ
νPZ
››› ÿ
lăν
P
I
´
l
`
ρν,l
˘›››2
L2pσν,Ij q
À rσs3A2
›››››
˜ ÿ
kPZ
ÿ
lPZ:
lăk
|ψk,l|
2
¸1{2›››››
2
L2pσq
for j P t1, 2, 3u, where
σν,Ij pxq :“
ÿ
IPIj :
|I|“2´ν
xσyIχIpxq.
To prove (2.6), fix a ν P Z and note that by employing [18, Lemma 3.1] and [18,
Theorem 2.7] one deduces that
(2.7)
››››› ÿ
lăν
P
I
´
l
`
ρν,l
˘›››››
L2pσν,Ij q
À rσs
1{2
A2
3ÿ
j1“1
›››››Sφ,Ij1´ ÿ
lăν
P
I
´
l
`
ρν,l
˘¯›››››
L2pσν,Ij q
for j1 P t1, 2, 3u. Observe that since supppφq Ď r´2,´1{2s Y r1{2, 2s, one has
(2.8) Sφ,Ij1
´ ÿ
lăν
P
I
´
l
`
ρν,l
˘¯
ď
ÿ
r1Pt´1,0,1u
KIj1 ,ν,r1 ,
where for r1 P t0, 1u we have
KIj1 ,ν,r1pxq :“
˜ ÿ
µăν´1
ÿ
JPIj1 :
|J|“2´µ
«
1
|J |
ż
J
ˇˇˇ rPµ´PI´
µ`r1
`
ρν,µ`r1
˘¯
pyq
ˇˇˇ2
dy
ff
χJpxq
¸1{2
and for r1 “ ´1,
KIj1 ,ν,´1pxq :“
˜ ÿ
JPIj1 :
|J|“2´pν´1q
«
1
|J |
ż
J
ˇˇˇ rPν´1´PI´
ν´1
`
ρν,ν´1
˘¯
pyq
ˇˇˇ2
dy
ff
χJpxq
¸1{2
.
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We shall prove that there exists an absolute constant C0 ą 0 such that for each
ν P Z one has
(2.9)
››KIj1 ,ν,r1››2L2pσν,Ij q ď C0rσs2A2›››´ ÿ
lăν´1
|ψν,l|
2
¯1{2›››2
L2pσq
for r1 P t0, 1u
and
(2.10)
››KIj1 ,ν,´1››2L2pσν,Ij q ď C0rσs2A2}ψν,ν´1}2L2pσq
for all j1 P t1, 2, 3u. We shall only provide the details of the proof of (2.9) for r1 “ 0,
as the other cases, i.e. (2.9) for r1 “ 1 and (2.10) are treated similarly. To prove
(2.9) for r1 “ 0, fix a j1 P t1, 2, 3u and write
(2.11)
››KIj1 ,ν,0››2L2pσν,Ij q “ ÿ
µăν´1
››Tmν,µ`PI´µ p rψν,µq˘››2L2ppσν,Ij qµ,Ij1 q
where mν,µpξq :“ φp2
´µξqφp2´νpξ ` 2νqq, ξ P R and
pσν,Ij qµ,Ij1 pxq :“
ÿ
JPIj1 :
|J|“2´µ
xσν,Ij yJχJpxq.
Observe that since µ ă ν ´ 1 one has
(2.12) |pmν,µq
1pξq| ď 2´µ|φ1p2´µξq|}φ}L8pRq ` 2
´µ|φp2´µξq|}φ1}L8pRq
for all ξ P R. Hence, by using (2.12) and an appropriate variant of [18, Lemma 3.2];
see Section 2.1 below, one gets
(2.13)
››Tmν,µ`PI´µ p rψν,µq˘››2L2ppσν,Ij qµ,Ij1 q À rσs2A2}ψν,µ}2L2pσq,
where we also used the fact that | rψν,µ| “ |ψν,µ|.
By combining (2.11) with (2.13), one establishes (2.9) for r1 “ 0. One shows
(2.9) for r1 “ 1 and (2.10) similarly. Notice that it follows from (2.8), (2.9), (2.10),
and (2.7) that (2.6) holds. We thus obtain (2.5) for r “ 0. The proof of (2.5) for
r “ 1 is similar. Therefore, the proof of (2.1) is now complete, in view of (2.3),
(2.4), and (2.5). One shows (2.2) in an analogous way. We have thus established
Theorem 2.
2.1. A variant of [18, Lemma 3.2]. In the previous section, inequality (2.13)
was obtained by using the following variant of [18, Lemma 3.2].
Lemma 3. Let I,J be two given dyadic lattices in R and let µ, ν P Z be such that
µ ă ν.
If m is bounded on an interval K and differentiable in the interior of K with
Cm,K :“ }m}L8pKq `
ż
K
|m1pξq|dξ ă 8,
then there exists an absolute constant c0 ą 0 such that
}PKpTmpfqq}L2ppσν,Iqµ,J q ď c0Cm,KrσsA2p2
´µ|K| ` 1q}f}L2pσq
for every A2 weight σ on R.
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Proof. Let µ, ν be two given integers such that µ ă ν and let σ be a given A2
weight. We have
pσν,Iqµ,J pxq “
ÿ
JPJ :
|J|“2´µ
xσν,IyJχJ pxq “
ÿ
JPJ :
|J|“2´µ
ÿ
IPI:
|I|“2´ν
xσyI
|I X J |
|J |
χJpxq.
Fix a J P J with |J | “ 2´µ. Notice that, by arguing as in the proof of [18, Lemma
3.2], one has
(2.14) |PKpTmpfqqpyq| ď A0Cm,KTKpfqpxq `
ż
K
H˚pM´tfqpxq|m
1ptq|dt
for all x, y P 2J , where A0 ą 0 is an absolute constant, Cm,K is as in the statement
of the lemma, and
TKpfqpxq :“ H
˚pM´bfqpxq `H
˚pM´afqpxq ` p2
´µ|K| ` 1qMpfqpxq.
Here a and b are the left and right endpoints of K, respectively. We write
upxq :“ A0Cm,KTKpfqpxq `
ż
K
H˚pM´tfqpxq|m
1ptq|dt for x P 2J.
As in [18], one has
1
|J |
ż
J
|PKpTmpfqqpyq|
2dy ď inf
xP2J
rupxqs2
and hence, for every I P I with |I| “ 2´ν and I X J ‰ H one has
(2.15) xσyI
|I|
|J |
ż
J
|PKpTmpfqqpyq|
2dy ď
ż
I
rupxqs2σpxqdx,
where we used the fact that if I X J ‰ H and 2|I| ď |J |, then I Ď 2J . Hence, by
using (2.15) and the fact that the intervals I P I with I Ď 2J and |I| “ 2´ν have
mutually disjoint interiors and their union is contained in 2J , we deduce that
(2.16)
ÿ
IPI:
|I|“2´ν
xσyI
|I X J |
|J |
ż
J
|PKpTmpfqqpyq|
2dy ď
ż
2J
rupxqs2σpxqdx
for every J P J with |J | “ 2´µ.
Since the intervals J in J with |J | “ 2´µ ‘tile’ R, one deduces from (2.16) that
(2.17) }PKpTmpfqq}L2ppσν,Iqµ,J q ď 2}u}L2pσq.
Arguing as in [18], one completes the proof of the Lemma 3 by using (2.17),
Minkowski’s inequality, as well as the well-known bounds }M}L2pσqÑL2pσq À rσsA2
and }H˚}L2pσqÑL2pσq À rσsA2 ; see [14] and [15] for more general results involving
two-weighted inequalities. 
3. Proof of Theorem 1
Arguing as in [18, Remark 4.1], the upper estimate in Theorem 1 follows from
Theorem 2 combined with [9, Theorem 3.1].
The lower estimate in Theorem 1 is obtained by adapting ideas from Bourgain’s
paper [4] to our case. To be more specific, fix a Schwartz function η satisfying the
properties suppppηq Ď r1{2, 4s and pη|r1,2s ” 1. For N P N, define ηN byxηN pξq :“ pηpN´1ξq, ξ P R.
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Notice that, since }ηN }L1pRq “ }η}L1pRq and }ηN }L2pRq “ N
1{2}η}L2pRq, one deduces
(3.1) }ηN }LppRq À N
pp´1q{p p1 ă p ă 2q.
Fix a p P p1, 2q ‘close’ to 1` and choose N P N such that
(3.2) logN „ pp´ 1q´1.
By using (3.1) and (3.2), Minkowski’s inequality, and Ho¨lder’s inequality, we have
}SIE2 }LppRqÑLppRq Á }SIE2 pηN q}LppRq ě }SIE2 pηN q}Lppr0,1sq
ě
˜ÿ
kPZ
ÿ
lPZ:
lăk
››PI`
k,l
pηN q
››2
Lppr0,1sq
¸1{2
ě
˜
tlogNuÿ
k“2
k´1ÿ
l“1
››PI`
k,l
pηN q
››2
L1pr0,1sq
¸1{2
,
where txu denotes the integer part of x P R. Since xηN pξq “ 1 for ξ P rN, 2N s, one
can easily check that for all integers k, l with 2 ď k ď tlogN u and 1 ď l ă k one
has ˇˇ
PI`
k,l
pηN qpxq
ˇˇ
„
ˇˇˇ sinppilxq
x
ˇˇˇ
for all x ‰ 0.
Hence, a standard computation yields that››PI`
k,l
pηN q
››
L1pr0,1sq
„ log
`
4
ˇˇ
I`k,l
ˇˇ˘
„ l
for all k, l P N with 2 ď k ď tlogN u and 1 ď l ă k. We thus have
}SIE2 }LppRqÑLppRq Á
˜
tlogNuÿ
k“2
k´1ÿ
l“1
l2
¸1{2
„ plogNq2,
which, together with (3.2), shows that the lower estimate in Theorem 1 holds true.
4. Some further remarks
4.1. Periodic versions of Theorems 1 and 2. If f is a trigonometric polynomial
on T, define S2pfq by
S2pfqpθq :“
˜
| pfp0q|2 ` ÿ
k,lPN0:
kąl
”
|∆I`
k,l
pfqpθq|2 ` |∆I´
k,l
pfqpθq|2
ı¸1{2
pθ P Tq,
where
∆I`
k,l
pfqpθq :“
ÿ
nPI`
k,l
pfpnqei2πnθ pθ P Tq
and
∆
I
´
k,l
pfqpθq :“
ÿ
nPI´
k,l
pfpnqei2πnθ pθ P Tq
with I`k,l and I
´
k,l being as in the Euclidean case; I
`
k,l :“ r2
k ´ 2l, 2k ´ 2l´1q and
I´k,l :“ r´2
k ` 2l´1,´2k ` 2lq.
A straightforward adaptation of the argument of Section 2 to the periodic setting
yields
(4.1) }S2pfq}L2pwq À rws
2
A2pTq
}f}L2pwq
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for all periodic A2 weights w and for every trigonometric polynomial f on T, where
the implied constant in (4.1) is independent of w and f . Recall that a non-negative
integrable function σ on T is said to be a periodic A2 weight if, and only if,
rσsA2pTq :“ sup
IĎT:
arc
xσyIxσ
´1yI ă 8.
Moreover, by using (4.1) and a periodic version of [9, Theorem 3.1] as well as an
adaptation of the argument of the previous section to the periodic setting, one
deduces that there exist absolute constants c1, c2 ą 0 such that
(4.2)
c1
pp´ 1q2
ď }S2}LppTqÑLppTq ď
c2
pp´ 1q2
p1 ă p ď 2q.
4.2. Littlewood-Paley operators formed with respect to certain lacunary
sets of finite order. By arguing as in the proof of Theorem 2, one can show that
}SIĂE2 }L2pwqÑL2pwq À rws2A2 , where rE2 :“ t˘p2k ` 2lq : k, l P Z with k ą lu. More
generally, if one considers the lacunary set of order N P N (with N ě 2) given byrEN :“ t˘p2k1 ` ¨ ¨ ¨ ` 2kN q : k1, ¨ ¨ ¨ , kN P Z with k1 ą ¨ ¨ ¨ ą kNu
and SIĂEN denotes the corresponding Littlewood-Paley operator, then by suitably
modifying and iterating the first part of the proof of Theorem 2 and next, by using
an appropriate extension of Lemma 3, one can show that
(4.3) }SIĂEN }L2pwqÑL2pwq À rws
1`N{2
A2
for any A2 weight w on R, where the implied constant in (4.3) depends only on N ;
we omit the details. By using (4.3) and an adaptation of the argument of Section
3, one gets
(4.4) }SIĂEN }LppRqÑLppRq „ pp´ 1q
´p1`N{2q p1 ă p ď 2q,
where the implied constants in (4.4) depend only on N . Analogous results hold in
the periodic setting.
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